In the present paper we generalize the notion of a Heyting algebra to the non-commutative setting and hence introduce what we believe to be the proper notion of the implication in skew lattices. We give several examples of skew Heyting algebras, including Heyting algebras, dual skew Boolean algebras, conormal skew chains and algebras of partial maps with poset domains.
Introduction
As Boolean algebras represent algebraic models for classical logic, Heyting algebras represent algebraic models for intuitionistic logic. Skew Boolean algebras are non-commutative generalizations of (possibly generalized) Boolean algebras. By Stone's result [16] each Boolean algebra can be embedded into a field of sets.
Likewise, by Leech's result each right-handed skew Boolean algebra can be embedded into a generic example of skew Boolean algebras, the algebra of partial functions over a given set and codomain {0, 1}, see [11, 12] for details.
Though not using the categorical language, Stone essentially proved that the category of Boolean algebras with homomorphisms is dual to the category of Boolean topological spaces (ie. compact, Hausdorff, zero-dimensional spaces) with continuous maps. Generalizations of this result within the commutative 1 setting yield the Priestley duality [13, 14] between bounded distributive lattices and Priestley spaces (ie. totally order disconnected Boolean spaces), and the Esakia duality [7] between Heyting algebras and Esakia spaces (ie. Priestley spaces in which the downset of a clopen set is again clopen), see also [3] for details. In a recent paper [8] on Esakia's work, Gehrke showed that Heyting algebras may be understood as those distributive lattices for which the embedding in their Booleanisation has a right adjoint.
A recent line of research generalized Stone's and Priestley's results to the non-commutative setting. By results proved in [1] and [9] any skew Boolean algebra is dual to a sheaf of rectangular bands over a locally-compact Boolean space, while any right-[left-]handed skew Boolean algebra is dual to a sheaf (of sets) over a locally-compact Boolean space. A further generalization was given in [2] showing that any strongly distributive skew lattice (as defined below) is dual to a sheaf of rectangular bands over a locally compact Priestley space, and any right-[left-]handed strongly distributive skew lattice is dual to a sheaf (of sets) over a locally compact Priestley space.
In the present paper we introduce the notion of a skew Heyting algebra. In passing to the non-commutative setting, one needs to sacrifice either the top or the bottom of the algebra (in order not to end up in the commutative setting).
In the previous papers [1] , [9] and [2] algebras with bottoms were considered, and hence the right way to generalize the notion of distributivity was to study the so called strongly distributive skew lattices with bottom. Of course, all the results would remain true if choosing the other setting, namely the equivalent category of strongly codistributive skew lattices with top, as defined below. As the top plays a crucial role in logic, we choose this other way in the present paper.
After stating the basic preliminary definitions and concepts in Section 2, in Section 3 we introduce the notion of a skew Heyting algebra, prove that such algebras form a variety and show that the maximal lattice image of a skew Heyting algebra is a Brouwerian algebra (ie. a Heyting algebra possibly without bottom). In Section 4 we give examples of skew Heyting algebras, including the dual skew Boolean algebras and algebras of partial maps with poset domains.
In Section 5 we explain the consequences of our results to the theory of duality, 2 ie. we describe how skew Heyting algebras correspond to sheaves over so called local Esakia spaces.
Preliminaries
A skew lattice is an algebra (S; ∧, ∨) of type (2, 2) such that ∧ and ∨ are both idempotent and associative and they satisfy the following absorption laws:
On a skew lattice S one can define the natural partial order by stating that x ≤ y if and only if x ∨ y = y = y ∨ x, and the natural preorder by x y if and only if y ∨ x ∨ y = y. Green's equivalence relation D is then defined by xDy if and only if x y and y x.
(1)
It turns out that x ≤ y is equivalent to x ∧ y = x = y ∧ x, while x y is equivalent to x ∧ y ∧ x = x. If S is commutative then ≤ and coincide.
Lemma 2.1 ([5])
. For x and y elements of a skew lattice S the following are equivalent:
Leech's First Decomposition Theorem for skew lattices states that the relation D is a congruence on a skew lattice S, S/D is the maximal lattice image of S, and each congruence class is a rectangular band [10] . We shall denote the
It was proved in [10] that a skew lattice always forms a regular band for either of the operations ∧, ∨, i.e. it satisfies the identities
A skew lattice with top is an algebra (S; ∧, ∨, 1) of type (2, 2, 0) such that (S; ∧, ∨) is a skew lattice and x ∨ 1 = 1 = 1 ∨ x holds for all x ∈ S. A 3 skew lattice with bottom is defined dually and the bottom, if it exists, is usally denoted by 0.
Furthermore, a skew lattice is called strongly distributive if it satisfies the following identities:
and it is called strongly codistributive if it satisfies the identities:
If a skew lattice S is either strongly distributive or strongly codistributive then S is distributive in that it satisfies the identities x∧(y ∨z)∧x = (x∧y ∧x)∨(x∧z ∧x) and x∨(y ∧z)∨x = (x∨y ∨x)∧(x∨z ∨x).
A skew lattice S that is jointly strongly distributive and strongly codistributive is binormal, i.e. S factors as a direct product of a lattice and a rectangular band, S ∼ = L × B, cf. [12] and [15] .
Applying duality to a result of Leech [12] , it follows that a skew lattice S is strongly codistributive if and only if S is jointly:
• quasi-distributive: the maximal lattice image S/D is a distributive lattice,
• symmetric: x ∧ y = y ∧ x if and only if x ∨ y = y ∨ x, and
If a skew lattice is conormal then given any u ∈ S the set
forms a (commutative) lattice for the induced operations ∧ and ∨, cf. [12] .
The following lemma is the dual of a well known result in skew lattice theory. 
idempotency of ∨, conormality and the fact that a D a ′ we obtain:
To prove the existence of a take any x ∈ A and set a = b ∨ x ∨ b. Then a ∈ A and using the idempotency of ∨ we get:
Recall that a Heyting algebra is an algebra (H; ∧, ∨, →, 1, 0) such that (H, ∧, ∨, 1, 0) is a bounded distributive lattice that satisfies the condition:
Equivalently, the axiom (HA) can be replaced by the following set of identities:
A Brouwerian algebra is an algebra (B; ∧, ∨, →, 1) such that (B, ∧, ∨, 1)
is a distributive lattice with top 1 that satisfies:
A Brouwerian algebra with the bottom is a Heyting algebra.
Skew Heyting algebras
A skew Brouwerian lattice is an algebra (S; ∧, ∨, 1) of type (2, 2, 0) such that:
• (S; ∧, ∨, 1) is a strongly codistributive skew lattice with top,
• for any u ∈ S operation → u can be defined on each u ↑ such that (u ↑ ; ∧, ∨, → u , 1, u) is a Heyting algebra with top 1 and bottom u.
Given a skew Brouwerian lattice one can define the operation → on S by
of type (2, 2, 2, 0) such that (S; ∧, ∨, 1) is a skew Brouwerian lattice and → is the induced implication as derived above.
Lemma 3.1 Let S be a skew Brouwerian lattice, → as defined above and x, y, u ∈ S such that both x ∈ u ↑ and y ∈ u ↑ hold. Then x → y = x → u y.
Proof. As x and y both lie in u ↑ it follows that they commute since
and
By the definition of the operation → we have x → y = x ∨ y → y y ≥ y by (H3). On the otherhand, as → u is the Heyting implication in the Heyting algebra u ↑ it follows that x → u y = x ∨ y → u y ≥ y. Computing in the Heyting algebra y ↑ we obtain:
which is true by absorption.
On the other hand, computing in the Heyting algebra u ↑ we obtain:
which is again true by absorption.
We shall use the axioms of Heyting algebras to derive the axiomatization of skew Heyting algebras. The reader shall find most of the axioms of Theorem 3.2 below as intuitively clear generalizations to the non-commutative case. However, two axioms should be given a further explanation. Firstly, the u in axiom (SH4) below appears as when passing to the non-commutative case we no longer have an element that is both below x and y with respect to the natural partial order
is needed since in the non-commutative case it no longer follows from the other axioms, the reason for this being that in general x ≤ y ∨ x ∨ y need not hold. 
Proof. Assume that S is a skew Heyting algebra.
(SH0). By definition x → y and y ∨x∨y → y are both defined as y ∨x∨y → y y. Hence they are equal.
(SH1). This is true because x → x x = 1 is true in x ↑.
but on the other hand also
where we have used the regularity of ∧ and the fact that x y ∨ x ∨ y.
(SH3). The identities hold because the corresponding identity holds in the Heyting algebra y ↑.
(SH4). First note that (SH4) is equivalent to
as using axiom (SH0) and the conormality of ∨ we obtain
and likewise
Hence it suffices to prove that (SH4') holds.
Observe that the distributivity implies
As u ∨ x ∨ u, u ∨ y ∨ u, u ∨ z ∨ u and u ∨ (y ∧ z) ∨ u all lie in u ↑ we can simply compute in u ↑. Using (2) and axiom (H4) for Heyting algebras we obtain:
To prove the converse assume that (SH0)-(SH4) hold. Now, given arbitrary u ∈ S and x, y, z ∈ u ↑ set x → u y = x → y. Axiom (SH3) implies that
any a, b ∈ S. It remains to prove that → u is the Heyting implication on u ↑ .
Since u ↑ is commutative with bottom u, axioms (SH1)-(SH4) for → simplify to (H1)-(H4) for → u , respectively.
Corollary 3.3 Skew Heyting algebras form a variety.
In the remaining of the paper, given a skew Heyting algebra we shall simplify the notation → u to → when referring to the Heyting implication in u ↑.
Note that if S contains a bottom element 0 such that x ∧ 0 = 0 = 0 ∧ x for all x ∈ S, then taking u = 0 in the axioms (SH1)-(SH4) these axioms simplify to the axioms of a Heyting algebra. In fact, it is well known in the skew lattice theory that a strongly (co)distributive skew lattice with top and bottom is a bounded distributive lattice. 
We divide the proof into four steps.
Step 1 
Using regularity of ∨ this is further equal to
Step 2. We claim that ϕ(x) D x for all x ∈ b ↑. Indeed, one obtains:
where we used d D b and b x, and
Step 3. We claim that ϕ(a) = c and ϕ Step 4. We claim that ϕ(a → b) = c → d. Once we finish the proof of this step, the assertion of the Lemma will follow by Step 2. Let w ∈ b ↑. Using the fact that ϕ is a lattice isomorphism, the definition of a Heyting algebra and
Step 3 above we obtain the following chain of equivalences: Proof. Let u ∈ S be arbitrary. We need to prove that (u ↑; ∧, ∨, →, 1) is a Heyting algebra. So, let x, y and z be elements of the distributive lattice u ↑. x → y = y ∨ w ∨ y. Note that y ∨ w ∨ y ∈ y ↑⊆ u ↑ and hence y ∨ w ∨ y commutes with all elements of u ↑. Hence:
But since x ∧ (x → y) D x ∧ y, x ∧ (x → y) = x ∧ y follows by Lemma 2.2.
(H3). Again, Proposition 3.4 yields y∧(x → y)Dy. Writing x → y = y∨w∨y as above yields y ∧ (x → y) = y by absorption.
(H4) By Proposition 3.4 it follows that the elements x → (y ∧ z) and (x → y) ∧ (x → z) are D-related. Thus, by Lemma 2.2 it suffices to show that they are both above y ∧ z with respect to the natural partial order. Given
On the other hand, given w 2 ∈ D x → D y and w 3 ∈ D x → D z we have
Since all of the elments y, z, y ∨w 2 ∨y and z ∨w 3 ∨z lie in u ↑, they all commute.
Thus:
which finishes the proof. The following result is useful for computing in skew Heyting algebras.
Proposition 3.8 Let (S; ∧, ∨, →, 1) be a skew Heyting algebra and x, y, z ∈ S.
Proof. As S/D is a Brouwerian algebra and relation D respects all skew
Heyting algebra operations, it follows that
above z with respect to the natural partial order, and hence must be equal by Lemma 2.2.
Following [4] a commuting subset of a skew lattice is a non-empty subset whose elements both join and meet commute. A skew lattice S is meet [join] complete if each commuting subset possesses an infimum [a supremum] in S.
It follows by a result of [4] that if S is a meet complete strongly distributive skew lattice with 1 then S is complete. We call a skew Heyting algebra complete if it is complete as a skew lattice.
Examples of skew Heyting algebras
The class of skew Heyting algebras obviously contains classes of Heyting and Brouwerian algebras. However, there are also some natural non-commutative candidates to consider.
Dual skew Boolean algebras
Let (S; ∧, ∨, c, 1) be a dual skew Boolean algebra. Given any u in S, u ↑ becomes a Boolean algebra with top 1 and bottom u and the complement defined as
We shalll see that dual skew Boolean algebras allow a skew Heyting structure.
Take u ∈ S. We want to define a Heyting implication on u ↑ . So, given x, y ∈ u ↑ set x → y = c(x, u) ∨ y.
We claim that (u ↑; ∧, ∨, →, 1, u) is a Heyting algebra. Let x, y, z ∈ u ↑.
this can be computed in the Boolean algebra u ↑ and hence equals (x ∧ c(x, u)) ∨ (x ∧ y) = u ∨ (x ∧ y) = x ∧ y, where the latter equality holds because u is the bottom of u ↑.
(H3). y ∧ (x → y) = y ∧ (c(x, u) ∨ y) which equals y be absorption.
(H4
The following Lemma shows that one can define the operation → independentely from the choice of u.
Lemma 4.1 Let S be a dual skew Boolean algebra x, y, u ∈ S, u ≤ y and let → be defined on u ↑ as above. Then
Proof. Take any u ≤ y. We need to prove that (y ∨ x ∨ y) → y is the complement of y ∨ x ∨ y in the Boolean algebra y ↑. Indeed, 
Conormal skew chains
A skew chain is a skew lattice whose D-classes are totally ordered. Skew chains are trivially quasi-distributive. To see that they are symmetric, take any y x; Proof. Since S/D is totally ordered it can be given the Brouwerian structure by setting
Given any u ∈ S, u ↑ is a totally ordered lattice and → restricted to u ↑ simplifies as
y; else which is the Heyting implication.
Finite strongly codistributive skew lattices
Let (S; ∧, ∨, 1) be a finite strongly codistributive skew lattice with top 1. The maximal lattice image S/D is a finite distributive lattice and can thus be given the Heyting structure by leting D x → D y be the join of all D-classes Z satisfying
For x, y ∈ S let x → y be the join of all the (necessarily commuting) elements
It is elementary to show that → restricted to any u ↑ equals the join of all elements z ∈ u ↑ satisfying (3).
Partial maps with poset domains
Let (A, ≤) be a partially ordered set and B a set. Denote by P D (A, B) the set of all partial functions f from A to B such that domf is a downset, and define the following operations on P D (A, B):
It is an easy exercise to verify that P D (A, B) is closed under the so defined operations. The following result is a direct consequence of the definitions.
Lemma 4.4 Let P D (A, B) be as defined above and f, g ∈ P D (A, B). Then:
f and g commute if and only if they agree on the intersection of their
It follows from a result of Leech [11] with the operations as defined above is a complete skew Heyting algebra.
Proof. It remains to show that given any u ∈ S, → is a Heyting implication on u ↑. We shall prove this by showing that → satisfies the axiom (HA). So, let f, g, h ∈ u ↑. Note that f , g and h pairwise commute and hence agree on intersections of domains. Denote F = domf , G = domg and H = domh. Then
The two conditions are easily seen to be equivalent. Indeed, if
Connections to duality
A skew Boolean algebra is an algebra (T ; ∧, ∨, \, 0) such that (T ; ∧, ∨, 0) is a strongly distributive skew lattice with bottom 0 and the operation \ satisfies the properties
Given any u in a skew Boolean algebra, the set
is a Boolean algebra with top u.
A dual skew Boolean algebra is an algebra (S; ∧, ∨, c, 1) of type (2,2,2,0) such that (S; ∧, ∨, 1) is a strongly codistributive skew lattice with top and the operation c satisfies the identities
Given any u in a dual skew Boolean algebra S, u ↑ becomes a Boolean algebra with top 1 and bottom u and the complement defined as x ′ = c(x, u), for all
Dual skew Boolean algebras are order duals (upside-downs) to usually stud- lattice over their common maximal lattice image [10] . However, the two-sided case was also covered in [1] .
Bounded distributive lattices are dually equivalent to Priestley spaces, and
Heyting algebras are dually equivalent to Esakia spaces, i.e. those Priestley spaces in which the downset of each clopen set is again clopen. Moreover, if (X, ≤, τ ) is an Esakia space then given clopen subsets U and V in X the implication is defined by
Duality for strongly distributive skew lattices (and hence for strongly codistributive skew lattices since these two categories are isomorphic) was recently established in [2] . It follows from Corollary 3.5 and Theorem 3.6 that the skew Heyting algebra structure can be imposed exactly on those strongly codistributive skew lattices with top whose maximal lattice image is a Brouwerian algebra. Therefore the duality for right-[left-]-handed skew Heyting algebras would yield that they are dually equivalent to sheaves over local Esakia spaces, i.e. ordered topological spaces whose one-point-compactification is an Esakia space.
Let (B, ≤, τ ) be an Esakia space, E a topological space and p : E → B a surjectiveétale map. Consider the set S of all sections of p over clopen downsets in B, that is an element of S is of the form s : U → E, for some U clopen downset in B, and s satisfies the property p • s = id U . We define the skew Heyting operations on S as in Section 4. As S is trivially seen to be closed under so defined operations, the following result is a direct consequence of Theorem 4.5.
Theorem 5.1 Let p : E → B be a surjectiveétale map over an Esakia space B.
